Automatic Control Theory

CSE 322

Lec. 5
Signal Flow Graph

Quiz (10 mins)

Find the transfer function of the following block diagrams
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Introduction

» Alternative method to block diagram representation,

developed by Samuel Jefferson Mason.

» A signal-flow graph consists of a network in which nodes

are connected by directed branches.

» It depicts the flow of signals from one point of a system

to another and gives the relationships among the signals.

Fundamentals of Signal Flow Graphs

» Consider a simple equation below and draw its signal flow

graph: -
y = aX
* The signal flow graph of the equation is shown below;
a
X e > o y

» Every variable in a signal flow graph is designed by a Node.

» Every transmission function in a signal flow graph is designed
by a Branch.

» Branches are always unidirectional.

 The arrow in the branch denotes the direction of the signal
flow.

6




Signal-Flow Graph Models

Y1(8) = Gra(8)[Ry(8) + Gyo(s)[Ry(s)

Yo(S) = Gy(S)Ry(S) + Gyo(S)Ry(S)

Signal-Flow Graph Models

r, and r,are inputs and X, and X, are outputs

ajn Xy + aplky +rp =x9

ax Xy + agpplXy + 1 = X

oy

taa




Signal-Flow Graph Models

X, is input and X, is output

X1 = aXg + Xy +CXs
Xy = 0Xq +EXg3

X3= fXg+gX, M
X4 =hX3

Terminologies

An input node or source contain only the outgoing branches. i.e., X,
An output node or sink contain only the incoming branches. i.e., X
A path is a continuous, unidirectional succession of branches along which
no node is passed more than ones. i.e.,
X;to X,to X;t0 X, X;to X, to X, X,to X;t0 X,
Aforward path is a path from the input node to the output node. i.e.,
X, to X, to X;to X,, and X, to X, to X,, are forward paths.
A feedback path or feedback loop is a path which originates and

terminates on the same node. i.e.; X, fo X;and back to X, is a feedback
A
path. =
m \\
A gy — ;._, <
X X,
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Terminologies

A self-loop is a feedback loop consisting of a single branch. i.e.; A,;is
a self loop.

The gain of a branch is the transmission function of that branch.

The path gain is the product of branch gains encountered in traversing
a path. i.e. the gain of forwards path X, 0 X, to X; to X,is A,;A3A 3
The loop gain is the product of the branch gains of the loop. i.e., the

loop gain of the feedback loop from X, to X, and back to X,is A;,A,;

Two loops, paths, or loop and a path are said to be non-touching if
they have no nodes in common. A
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Consider the signal flow graph below and
identify the following

Gﬁ{ 5}

((s) Gals) (5(5)

Vals)

H[{&':l

(r4(5)
) Cls)

a) Input node. Hy(s)

b) Output node.

c) Forward paths.

d) Feedback paths (loops).

e) Determine the loop gains of the feedback loops.
f) Determine the path gains of the forward paths.
g) Non-touching loops
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Consider the signal flow graph below and
identify the following

Ge(s)

(ry(s) Go(s) G5(s) Gals) Gs(s) Gq(s)
R(s) (e - - e - — ) C(5)
w Vals) Vais) Vals) Viis)

H[{E}

H(s)

» There are two forward path gains;

L Gy(s)Gals)Gs(5) Gu(s)Gs () Gals)| 12 Gy(s)Gals) G s) Gas)Gig ) Gis)
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Consider the signal flow graph below and
identify the following

* There are four loops

4. Gy(5)Ge(s)Hs(s)

(i)
Ris)

(r1(5) G5(s) Gals) (7(s5)

3 Cis)

1. Gy(s)Hy(s)

3. Gy(5)Gs(s)Hs(s)

14




Consider the signal flow graph below and
identify the following

Gﬁ,{ 5)

l‘_—r'][.'i] G:{.‘i} Gj;[.'s']

Vils)

H,(s)

64[.'9-']

3 Cls)
i"rj[.'s'l

H _1'[-'!7}

* Nontouching loop gains;

L. [Ga(s)H 1 (5)][Ga(s)H2(s)]
2. [f_:g Ii.?}ffl[.?}][f;4[.?}f;5 [S}If}[.‘i‘}]
3. [Ga(s)H1(5)][Ga(5)Ge(s)Ha(s)]
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Mason’s Rule (Mason, 1953)

» The block diagram reduction technique requires successive
application of fundamental relationships in order to arrive at
the system transfer function.

* On the other hand, Mason’s rule for reducing a signal-flow
graph to a single transfer function requires the application of
one formula.

* The formula was derived by S. J. Mason when he related the
signal-flow graph to the simultaneous equations that can be

written from the graph.
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Mason’s Rule:

« The transfer function, C(s)/R(s), of a system
represented by a signal-flow graph is;

Where:

n = number of forward paths.

P; = the i th forward-path gain.

A = Determinant of the system

A; = Determinant of the ith forward path

A is called the signal flow graph determinant or characteristic
function. Since A=0 is the system characteristic equation.
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Mason’s Rule:

A = 1- (sum of all individual loop gains) + (sum of the
products of the gains of all possible two loops that do
not touch each other) — (sum of the products of the
gains of all possible three loops that do not touch
each other) + ... and so forth with sums of higher
number of non-touching loop gains

A; = value of A for the part of the block diagram that
does not touch the i-th forward path (A, = 1 if there are
no non-touching loops to the i-th path.)
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Systematic approach

1. Calculate forward path gain P£; for each
forward path /.

Calculate all loop transfer functions
Consider non-touching loops 2 at a time
Consider non-touching loops 3 at a time
etc

Calculate A from steps 2,3,4 and 5

Calculate A, as portion of A not touching
forward path /

N o kW

Example-1: Apply Mason’s Rule to calculate the transfer
function of the system represented by following Signal
Flow Graph ¢

*y

-

There are two forward paths:

Pl- - 616264 P2 = GIGJGq,
Therefore, C _ BRA +RA,
R A

There are three feedback loops

L, =GGH,, L, =-GG,GH,, Ly =-GG;GH,
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Example-1: Apply Mason’s Rule to calculate the transfer
function of the system represented by following Signal
Flow Graph

'

There are no non-touching loops, therefore
A = 1- (sum of all individual loop gains)
A=1-(L, +L,+Ls)

A =1-(GiGyH; = GiG,G4H, = GiG3G,H,)

Example-1: Apply Mason’s Rule to calculate the transfer
function of the system represented by following Signal
Flow Graph

'

Eliminate forward path-1

A; = 1- (sum of all individual loop gains)+...
A=1

Eliminate forward path-2

A, = 1- (sum of all individual loop gains)+...




Example-1: Continue

C PA+PA, 6,6,G, + G,G,G,
R - A 1 = G]G,* H[ + G]GZGdHE + 616364 Hz

_ G,G,(G, + Gy)
1 = G]Gq H] 'I' GIGIG-‘HI + GIGSGQ Hz
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Example-2: Apply Mason’s Rule to calculate the transfer
function of the system represented by following Signal
Flow Graph Hs Hy

P,=GG,GG, (path 1) and
P, =GsGeG7Gs (path 2)

Hy
L=GH,, L =HG; L=GHs L=GH,;
1. Calculate forward path gains for each forward path.

2. Calculate all loop gains.
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Example -2: continue

3. Consider two non-touching loops.
L,L, L,L,
L,L, L,L,

4. Consider three non-touching loops.
None.

5. Calculate A from steps 2,3,4.
A=1-(L+ L+ Ly + L)+ (Lls + Ll + Lol + L,L,)

A :1_(G2H2 + HSGB +GGH6 +G7H7 )+
(GZHZG6H6 +G,H,G;H 7 + H3GGgHg + H3G367H7)
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Example -2: continue

Eliminate forward path-1
A =1-(Lg+1Ly)
A, =1-(GgHg +G,H;)

Eliminate forward path-2

A, =1- ('—1 + |—2)

A, =1- (Gsz + G3H3)
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Example -2: continue

Y(s) _ RA, +PA,
R(s) A

Y(s) _ GG,GG, [1_ (GeHe + G?"'?)] +GGG,Gg [1_ (Gsz t GsH3)]

RS 1-(GoH, + HyGs + GgHg + G;H, )+(G,H,GeH g + GoH,G H, + HyGyGeHi + HyGyG/Ho )
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Example#3

e Find the transfer function, C(s)/R(s), for the
signal-flow graph in figure below.

Gi(s) N G%(S) ~

G3(S) G4(S) GS(S)
R(s) O—» - —O——C—
Va(s)

Va(s) \Qgi;/)fmm;

Hy(s)

C(s)

Ge(s)

Hy(s)
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Example#3

 There is only one forward Path.

Gi(s) . Go(s) . Gi(s) . Gy(s) . Gs(s)

R(s) &—> - . . .
Vals) Vs(s) wws)

Hy(s)

C(s)

Gel(s)

Hy(s)

R, = G,(5)G,(5)G4()G, ()G (s)
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Example#3

 There are four feedback loops.

LERTE)| (i8] (i3is) LEF R Ligls]
||'I_I|-"‘\. ! F P !

H ||:.'.'|

L1. G,(s)H,(s) L3. G,(s5)H,(s)
L2. G,(5)H,(s) L4 G,(5)G;5(5)G,(5)G:(5)G4(5)G,(5)Gy(5)
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Example#3

 Non-touching loops taken two at a time.

LETE| Gais) (igis) {04 Uizl
F | o Lo 3,

sl

L1and L2: G,(5)H,(5)G,(s)H,(s) L2and L3: G,(5)H,(s5)G,(s)H,(s)
L1and L3: G,(s)H,(5)G,(s)H,(s)
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Example#3

* Non-touching loops taken three at a time.

yix) i) (PRLEY {iglx) Cigl#)
P x P . P g

sl

L1, L2, L3: G,(s)H,(5)G,(5)H,(5)G,(5)H (5)
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Example#3

A=1-[G(5)H (5)+ G,(5)H,(5)
+ G (5)H, (5)+ G, (5)G5(5)G, (5)G (5)G, (5)GL (5)G (5)]
+[Gy () H, (5) Gy (s)H, (5) + Gy (s)H, () G5 (s) H (5)
+ G, (5)H, (s)G; (s)H, ()]
=[Gy (s)H, (5) G, (s) H, (5)G; (s ) H 4 (5]

LERTEY (i8] FETEY LER Y FRE
i P Fa "y -\.

LR

Eliminate forward path-1

Ay =1-G,(5)H, (s)

J||||'.'|'|
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From Block Diagram to
Signal-Flow Graph Models
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Example 5:

H,
R(S) E(s X ‘— X C(s)
( - ﬁGz_’W G IR G l—o—
_ 2
H2 <
Hs

R(s) 1 E(s) X3 GNC(S)
fe, > O > Q — >
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Example 5:

R(sS 1E(s) G; X AX 1 C(S)
(@, > Q > “\/ >

A =1+(GG,G3G4H 3 +G,G3H » +G3G4H)p)
Pl = GleGSG4 ; Al =1
_C(s) _ G1GG3Gy
R(s) 1+GGyG3G4H 3 +GyG3H, +G3G4H
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